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Explicit analytical expressions for conductivity of a superconducting film above and below criti-
cal temperature in an arbitrary electric field are derived in the frameworks of the time dependent
Ginzburg-Landau theory. It is confirmed that slightly below critical temperature the differential
conductivity of superconducting film can become negative for small enough values of electric field.
This fact may cause generation of electromagnetic oscillations if the superconducting film is appro-
priately coupled of with a resonator. Their maximal frequency is proportional to the value of critical
temperature of superconducting transition. The obtained results can stimulate the development of
Terahertz generators on the basis of high temperature superconducting films.
I. INTRODUCTION
Half a century ago Churilov, Dmitriev and Beskorsiy1
observed generation of high-frequency monochromatic
oscillations by thin (25 nm) superconducting tin film in-
cluded in a resonance circuit and being in resistive state.
Analyzing this phenomenon Gor’kov2 became interested
in the fact that such film exposed to electric field at tem-
peratures slightly below the critical one, remains stable
against the occurrence of infinitesimal nuclei of the super-
conducting phase down to the very weak fields E. He mi-
croscopically derived the corresponding current-voltage
characteristics j(E) accounting for supercurrent caused
by the order parameter fluctuations. It was turned out
that close to critical temperature the electric field can
break down yet fragile Cooper pairs, which results in
suppression of the superconducting current component.
Above Tc0 (the critical temperature of transition in ab-
sence of electric field) this electric field sensitivity of fluc-
tuation Cooper pairs results in suppression of the positive
Aslamazov-Larkin fluctuation contribution to the Drude
conductivity.3,5 In contrast, below Tc0, the correction re-
lated to breaking of the true Cooper pairs by electric
field changes sign and, consequently, leads to appearance
of the negative differential conductivity.
Such fall down of the differential conductivity of super-
conducting film is the precursor of radiation generation.
It turns out that the frequency of such radiation depends
on the closeness of the film temperature to the critical
one Tc0. The maximal value of the frequency of gener-
ated radiation can be reached using the high tempera-
ture superconducting films (ν ∝ 5 THz for the film with
Tc0 = 90 K), i.e., it falls into the Terahertz region which
is now an intensive field of research. This circumstance
revives the interest in the cited above two half-century
old papers, whose re-reading opens the exciting perspec-
tive to develop the new type of THz generators based on
nanoscale hybrid superconducting devices super-cooled
in the normal state by small electric field. The purpose
of this communication is to present the analytical formu-
las for differential conductivity, which can be useful for
technical development of such devices and to determine
the threshold field of generation.
II. THE EFFECT OF ELECTRIC FIELD ON
COOPER PAIRS
The break of fluctuation Cooper pair by electric field
above Tc0 can be understood qualitatively as follows. The
electrons correlated in Cooper pair have almost the op-
posite momenta. Therefore, the same acceleration which
each of them acquires in electric field E results in the
growth of velocity for one of them and decrease for an-
other. This, in its turn, leads to the increase of the dis-
tance between electrons. The pair decays if this distance
reached during the pair lifetime τ
GL
= pi~/8k
B
(T − Tc0)
exceeds the coherence length ξ() ∼ ξ/√||, where  =
(T − Tc0) /Tc0 is the reduced temperature (which can ac-
quire both positive and negative values) and the param-
eter of Ginzburg-Landau theory ξ will be defined below.
In other words, starting from some characteristic, tem-
perature dependent, value of the intensity of electric field
E
(+)
c (), the electrons acceleration becomes so large, that
at the distance of the order ξ() the electrons change their
energy by the value of the order of T −Tc0 corresponding
to the fluctuation Cooper pair “binding energy”. The de-
scribed mechanism results in the additional with respect
to thermal, field depending, decay of fluctuation pairs
and respective deviation of the voltage-current charac-
teristics from the Ohm law. Below Tc0 the mechanism of
suppression of superconductivity is similar: the electric
field breaks up potentially emerging, still weak, Cooper
pairs and does not allow superconducting state to be es-
tablished.
One can see that the threshold electric field E
(+)
c (),
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2where the nonlinear effects begin to manifest themselves
above critical temperature is determined from the condi-
tion eE
(+)
c ()  ξ() ∝ kB (T − Tc0) and it tends zero as
3/2 when temperature verges towards Tc0
3
E(+)c () =
16
√
3 k
B
Tc0
pieξ
||3/2,  > 0. (1)
Here ξ is the parameter of Ginzburg-Landau theory cal-
culated by Gor’kov6:
ξ2 =−v
2
F τ
2
3
[
ψ
(
1
2
+
1
4piTτ/~
)
−ψ
(
1
2
)
− pi
8Tτ/~
]
. (2)
The latter can be experimentally determined from the
slope of linear extrapolation of the second critical field
− Tc0 dHc2
dT
∣∣∣∣
Tc0
=
Φ0
2piξ2
, (3)
with the magnetic flux Φ0 =
pi~
|e| .
While above Tc0 the applicability of TDGL equation is
not questionable, below the critical temperature TDGL
theory is applicable only in the case when a gap in quasi-
particle spectrum is suppressed, for instance by param-
agnetic impurities7. In the latter case the spin-flip scat-
tering time of electrons forming a Cooper pair τs should
be of the order of its its inverse condensation energy:
τs ∼ ∆−1 (see Refs. [8 and 9]). It is clear that in
the case under consideration (close to Tc0) strong elec-
tric field will impede to establishment of the supercon-
ducting state until its work performed on the electrons
“forming” Cooper pair at the distance of the order of
correlation length remains larger than the value of gap:
eE
(−)
c (||)  ξ(||)) ∼ ∆ (). This condition results in the
linear dependence of the edge of nonlinearities on reduced
temperature:
E(−)c () ∼
∆BCS
eξ
|| (4)
with ∆BCS as the BCS value of the superconducting
gap at zero temperature. Comparison of this equation,
written in the form
[
eE
(−)
c (||)  ξ(||))
]−1
∆ () ∼ 1, to
the standard criterion of the gapless superconductivity
τs∆ () ∼ 1 gives us the expression for the phase-breaking
time arising due to the presence of the electric field
τEs () = [eE
∗
c (||)  ξ(||))]−1 =
∆−1BCS√|| . (5)
The general expression for the nonlinear current ac-
counting for the fluctuation conductivity in the case of a
two dimensional (2D) superconductor can be obtained in
the vicinity of critical temperature in different ways: us-
ing Boltzmann transport equation for fluctuation Cooper
pairs above Tc0, in the frameworks of the TDGL formal-
ism, and in diagrammatic approach.2–5,10 We will take it
in the form, valid both below and above critical temper-
ature
j(E) = [σDr + σAL(||)Ξ±(E)]E, (6)
with
Ξ±(E) =
∫ ∞
0
exp
{−v · sign ()−α2±(E, ) v3/3}dv. (7)
The sign of linear term in the exponent is determined
by the sign of reduced temperature , i.e. above or be-
low superconducting transition the system stays. The
parameter
α±(E, ) =
√
3E
E
(±)
c (||)
(8)
is the dimensionless electric field normalized on the in-
troduced above E
(±)
c (||), while the value
σAL() =
e2
16~|| (9)
above Tc0 has the sense of the two-dimensional
Aslamazov-Larkin conductivity and it determines the
magnitude of the fluctuation effect.
The variable of integration in Eq. (6) can be also in-
terpreted in physical terms. This is nothing else as the
dimensionless time:
v =
t
τ
GL
/2
, τGL =
pi~
8k
B
Tc0|| . (10)
It is normalized by the half of Ginzburg-Landau decay
time τ
GL
of the order parameter, extended symmetrically
with respect to critical temperature for the temperatures
below the latter.
For intuitive interpretation it is convenient to intro-
duce the decay rate of fluctuation Cooper pairs
ν() =
2
τ
GL
=
16k
B
Tc0
pi~
. (11)
The multiplier exp [−sign() · v] = exp(−sign () νt) in
the integrand in Eq. (6) above Tc0 describes the spon-
taneous exponential decay of fluctuation Cooper pairs.
Close to critical temperature T → Tc0 one can see the
critical slowing down of this process: ν → 0. Below the
critical temperature the sign of the first term in the ex-
ponent of Eq. (7) changes, what, formally, corresponds
to the lasing of fluctuation Cooper pairs instead of their
decay (i.e. the exponential increment of their concen-
tration, as the light intensity in lasing media). Yet,
this lasing is restricted by the second term in the ex-
ponent of Eq. (7), which dominates on the first one when
v & 1/α−().
As it was mentioned above, the arising close to crit-
ical temperature Cooper pairs decay in the presence of
electric field is due to the increase of their kinetic energy.
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FIG. 1. Differential conductivity as a function of the dimen-
sionless electric field above the critical temperature ( = 0, 01,
σDr = 100e
2/~).
For small enough electric fields, however, the decay is
delayed and the fluctuation conductivity can reach sig-
nificant values and even can dominate over the normal
Drude conductivity. In short, above Tc0 the first term in
the exponent of integrand in Eq. (6) is negative, while
below it becomes positive. This difference results in the
qualitatively different manifestations of fluctuations in
nonlinear conductivity.
The effect of electric field on fluctuation Cooper pairs
is accounted for by the cubic term in the exponent of
Eq. (7). It becomes strong enough when the kinetic en-
ergy acquired due to acceleration in electric field exceeds
the GL “binding energy”, what happens when E ∼ Ec.
In this region of fields fluctuation Cooper pairs decay and
the corresponding contribution to the total current with
the further growth of the field intensity decreases.
Let us analyze Eqs. (6)-(7) separately above and below
the critical temperature.
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FIG. 2. Current density j (arbitrary units) in a film “super-
cooled” by electric field versus the value of the latter below the
critical temperature ( = −0, 01, σDr = 100e2/~) (compare
with the schematic figure of Gor’kov.2)
1. Above critical temperature
The integration in Eq. (7) above the transition temper-
ature can be performed exactly in terms of the Bessel and
hypergeometric functions. The corresponding expression
for Ξ+ acquires the form:
Ξ+(α+) =
2pi
3
√
3α+
{
J− 13
(
2
3α+
)
− J 1
3
(
2
3α+
)}
+
1
2α2+
1F2
(
1;
4
3
,
5
3
;− 1
9α2+
)
≈
1, α+  1,Γ ( 43) ( 3α2+)1/3 , α+  1. (12)
Comparing Eqs. (6) and (12) one can see that in
the region of small fields the fluctuation correction to
the conductivity is positive and equal to the Aslamazov-
Larkin paraconductivity. The corresponding correction
monotonously decreases as
(
E
(+)
c (||)/E
)2/3
(compare
to Ref. [5]) when the fields exceed the threshold value.
The corresponding field dependence of differential con-
ductivity for reasonable value σDr = 100e
2/~ is shown in
Fig. 1.
2. Below critical temperature
Below the critical temperature the behavior of the in-
tegrand function in Eq. (7) strikingly differs from that
one in the previous subsection due to the growth of the
linear term (instead of its decrease) in the exponent. Yet,
the integral still can be carried out exactly:
Ξ−(α−) =
2pi
3
√
3α−
{
I− 13
(
2
3α−
)
+ I 1
3
(
2
3α−
)}
+
1
2α2−
1F2
(
1;
4
3
,
5
3
;
1
9α2−
)
≈

√
pi
α−
exp
(
2
3α−
)
 1, α−  1,
Γ
(
4
3
) (
3
α2−
)1/3
, α−  1.
(13)
Corresponding behavior of current as the function of the electric field below critical temperature is illustrated in
4Fig. 2.
As was already explained above, the superconducting
transition of thin film subjected of electric field is de-
layed to lower temperatures. Nevertheless, the current in
this super-cooled state formally growths when the electric
field decreases below some critical value αosc correspond-
ing to the minimum in Fig. 2. In order to determine the
latter, one can calculate the differential conductivity
σdiff = dj(E)/dE = σDr + σAL(||)F−(α−), (14)
where the function F− is obtained by differentiation
of the current (see Eq. (6)) with Ξ−(α−) taken from
Eq. (13). It can be expressed exactly in terms of the
modified Bessel functions and the hypergeometric, func-
tion
FIG. 3. The threshold electric field Eosc of the oscillations
generation (arbitrary units) as the function of reduced tem-
perature  for four values of the film conductivity (going from
the bottom up): σDr = 50e
2/~, σDr = 25e2/~, σDr = 12e2/~,
σDr = 6e
2/~.
F−(α) ≡ −
∫ ∞
0
(
2α2v3/3− 1) exp(v − α2v3/3) dv (15)
=
2
27α2
{
3|α|K− 13
(
2
3|α|
)
−2pi
√
3
[
I 4
3
(
2
3|α|
)
+I 2
3
(
2
3|α|
)]}
+
1
2α2
1F2
(
1;
4
3
,
5
3
;
1
9α2
)
− 1
α2
1F2
(
2;
4
3
,
5
3
;
1
9α2
)
.
The loss of stability of the system and, correspondingly,
the condition for the possibility of electromagnetic oscil-
lations generation at fixed temperature is determined by
the requirement σdiff(Eosc,  < 0) = 0, which leads to the
transcendental equation
F−(αosc) = − σDr
e2/16~
||,  < 0. (16)
The value of αosc evidently depends on the conductance
of the film and closeness to the transition temperature.
For the low Ohmic film (σDr  e2/~) the function F(α)
can be simply approximated in elementary functions ap-
plying the steepest descend method for the integral (15):
F−(α) ≈ −

√
pi
α
(
2
3α − 1
)
exp
(
2
3α
)
, α 1,
2Γ( 43 )
(3α)2/3
, α 1.
(17)
Let us note that the low Ohmic film approxima-
tion for the fluctuation induced current fluct ∝
E1/2 exp(const/E) was firstly pointed out by Gor’kov2
(compare with the upper line in Eq. (17) having in mind
Eq. (6)).
The solution of Eq. (16) in assumption that αosc  1
(i.e. in the approximation of Eq. (17)) with logarithmic
accuracy gives the value of critical electric field
Eosc =
2E
(−)
c (||)
33/2 ln
(
16~σDr
e2
)  E(−)c (||) . (18)
One can see that in this approximation the threshold of
instability increases linearly on temperature with moving
away from Tc0
Eosc( < 0) ∼ ∆BCS
eξ
1
ln
(
16~σDr
e2
) ||. (19)
The dependencies of Eosc() for different values of σDr
obtained in result of numerical solution of Eq. (16) are
presented in Fig. 3. One can see that in the limit of low-
Ohmic film (the lowest curve) the threshold field indeed
depends linearly on reduced temperature
III. CONCLUSIONS
In this article we demonstrated that the negative dif-
ferential conductivity of superconducting film at small
electric fields in the vicinity of critical temperature is the
ingredient for the loss of stability of the superconducting
5state and generation of electric oscillations. This effect
could be especially important in case of high temperature
superconductor films, where the frequencies k
B
Tc/2pi~
fall already in the Teraherz region. The latter opens
the perspectives for creation of a new type generators
of electric radiation. For every substrate it is necessary
to take into account the interface boundary condition,
but the first step of the technical applications will be the
observation of the critical point at which the differential
conductivity is annulled and the system losses its sta-
bility. The illustrative description of possible electronic
circuits will be described elsewhere.
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